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Abstrat
The 3D Ising-like system in the external field is desribed using the non-
perturbative olletive variables method. The universal as well as nonuniver-
sal system harateristis are obtained within the framework of this approah.
The alulations are arried out on the mirosopi level starting from the
Hamiltonian. They are valid in the whole h−T plane of the ritial region. It
is established, that the ontributions related with wave vetor values k → 0
exhibit the properties of the total system near the ritial point. The be-
haviour of the suseptibility as funtion of the temperature in the presene of
the field is investigated. The loations of the maximums suseptibility on the
temperature sale for different values of the field are established.
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riti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1 Introdution
Despite the simpliity and learness of the 3D Ising model, it is still the ob-
jet investigated with help of the approximate methods [1℄. We propose the
desription of the behaviour of the Ising-like magnet in the external field by
olletive variables (CV) method [2℄. This approah is similar to the well-
known non-perturbative Wilson-Polhinskii Renormalization Group method
[3, 4℄. In partiular, the oarse-grained proedure with using renormalization
group (RG) transformation is employed in the both methods. But, in ontrast
to the Wilson approah [5℄, the CV method does not involve any phenomeno-
logial assumptions and adjusting parameters. It is based on the physially
well-grounded and mathematially rigorous use of the spae of CV, whih are
assoiated with modes of spin moment density osillations. As result, the
method allows one to obtain the marosopi harateristis as funtions of
the mirosopi parameters, ontained in the system Hamiltonian.
In the 3D spin systems exhibiting the ritial behaviour, the presene of the
asymmetry (presene of an external field) suffiiently ompliates the problem.
1
Usually, the series in saling variable, whih are some ratio of the field and
temperature variable, are used for desription of the system behaviour. In
this ase, one of the fators dominates and forms the system ritial behaviour.
Using CV method, we have already obtained suh harateristis in the form of
a power series in the saling variable in the regions of the weak and strong fields
for temperatures above and below Tc (Tc is the phase transition temperature
in the absene of an external field) [6, 7℄. When the role of the field and
temperature is equally important, the series are not valid. For omplete system
desription, it is neessary to perform alulations in the whole h − T plane,
where T is the temperature, and h is an external field.
In the perturbative approahes (ǫ-expansion, high-temperature expansion,
et), the parametri equation of state is used for desription suh systems [8℄.
Within the framework of the Wilson-Polhynskii method, the investigation of
the 3D Ising model ritial behavior at the presene of an external field is per-
formed in the so-alled loal potential approximation (LPA) [9℄. In partiular,
the ritial exponents of the orrelation length ν and order parameter δ as
well as asymmetri leading orretions to saling related with presene of the
field are alulated. The desription of suh a system an be used also for in-
vestigations of the nonmagneti systems. For instane, the ritial behaviours
of the system "gas-liquid" in the plane (temperature,pressure) [1℄, Standard
Model of the eletroweak interations in the plane (higgs mass, temperature)
[10, 11℄, were shown to have similar features of the phase transition. These
models belong to the 3D Ising universality lass.
2 Basi relations
We represent the alulations, whih are valid in the whole h−T plane of the
ritial region. Starting with the Hamiltonian
H = −1
2
∑
l,j
Φ(rlj)σlσj − h
∑
l
σl, (1)
and using the "layer-by-layer" integration of the partition funtion, we obtain
the ritial exponents, free energy and other thermodynami and strutural
harateristis of the system. The quantities σl are z-omponents of the spin
operator, whose eigenvalues take on the values ±1, and h is an external field.
The interation between spins on the simple ubi lattie is desribed by
the exponentially dereasing funtion Φ(rlj) = A exp(−rlj/b) of the distane
rlj between partiles at sites j and l. Suh an approah makes it possible to
investigate the system behaviour depending on the mirosopi parameters, in
partiular, on the radius of the effetive interation b and onstant A.
For the following alulations, it is neessary to perform the transition from
quantities σl to the CV ρk through the funtional representation for operators
of the spin density osillation modes
ρˆk = (
√
N)−1
∑
l
σl exp(−ikl).
Here N is the number of partiles in the system. The detailed proedure
of this transition is desribed in works [12, 2℄. We use also the paraboli
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approximation of the Fourier transform of the interation potential in the
form
Φ(k) =
{
Φ(0)(1 − 2b2k2), k ≤ B0,
Φ0 = Φ(0)Φ¯, B0 < k ≤ B, (2)
where B = π/c is the boundary of the Brillouin half-zone, and the quantity
B0 = B/s0 and s0 ≥ 2 is the starting division parameter. This parameter
defines the boundary of the region, where the paraboli approximation of the
interation potential is valid. The quantity Φ¯ is the onstant and Φ(0) =
8πA(b/c)3, where c is the lattie onstant [13℄. We begin the alulation with
partition funtion [14, 13℄
Z ∝
∫
(dρ)N0 (dω)
N
0 exp
[
1
2
β
∑
k∈B0
(Φ(k)− Φ0)ρkρ−k
]
× exp(2πi
∑
k∈B0
ρkωk)Z(ω). (3)
Here β = 1/kT and k is the Boltzmann onstant. The quantity
Z(ω) = exp
{∑
n≥0
[
(−2πi)n
n!
N1−n/2
×Mn(h′)
∑
k∈B
ωk1 ...ωknδk1+...+kn]
}
(4)
is the the umulant expansion of the Jaobian of transition from the set of
the spin variables σl to the set of CV ρk, where δk1+...+kn is the Kroneker
symbol. The oeffiients Mn are defined with help of the relations:
M0 = ln cosh h′, Mn = ∂
nM0
∂h′n
. (5)
The integer even values of the quantity n in formulas (4) and (5) determine
the hoie of the effetive potential (models ρ4, ρ6, et), whih will be used for
the desription of the system. The value n = 0 orresponds to the mean-field
approximation, and at n = 2, we have Gauss distribution of the flutuations
in the system. The odd degrees of CV appear as result of the presene of an
external field. In this work, the alulations are arried out employing the
simplest non-Gaussian model with n = 4. The results allow one to take into
aount long-range interations, whih determine the ritial behaviour of the
system. It should be noted, that the variable ρ0, whih orresponds to the zero
value of the wave vetor, is ruial in the forming of the partition funtion
(3). The average value of this quantity is the order parameter of the system
[2℄.
For the integration of (3), one should pass to the following field variables
by performing the substitution:
ρl = (
√
N0)
−1
∑
k∈B0
ρk exp(ikl),
ωl = (
√
N0)
−1
∑
k∈B0
ωk exp(−ikl),
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where N0 = Ns
−3
0 . In this ase, the partition funtion takes on the form [13℄:
Z = Z0j0
∫
(dρ)N0 (dω)
N
0 exp
[
1
2
β
∑
k∈B0
(Φ(k)− Φ0)ρkρ−k
]
×
∏
l
Il(ρl). (6)
The vetor l varies in the volume of periodiity V = N0c
3
0, where c0 = s0c,
and
Z0 = 2
N exp [N(
1
2
βΦ0 +M0)], j0 =
√
2
N0−1
.
It should be noted, that the variable ωl an be interpreted as the salar field,
whih is similar to the Habbard-Stratanovih field. Within the frames of the
quarti model, the integrals Il(ρl) is defined by the expression
Il(ρl) =
1
π
√
2
e−a
′′
h
∫
dωl exp[2πiρl(
ωl
π
√
2
− is
d/2
0 h
′
2π
)]
× exp[ω2l − c
′′
hω
4
l ]. (7)
Here a
′′
h = s
d
0h
′2/2 and c
′′
h = s
−d
0 (1−4h′2). We perform also the substitution of
variables to anel the ubi term in the umulant expansion. The oeffiients
in the exponent expression are approximated by power series in field variable
to h′2. This approximation is quit preise, sine in the viinity of the ritial
point, the maximum values of the field are of order of 0.01. Suh values of
the field orrespond to the real fields, whih are ommensurate with fields of
the order parameter saturation of the ferromagneti materials. We will find
the result of the integration of the expression (7) in the form
Kl(ρl) = e
a0 exp
[
−
4∑
n=1
an
n!
ρl
]
, (8)
where the oeffiients an are defined using the ondition
∂nIl
∂ρnl
∣∣∣∣∣
ρl=0
=
∂nKl
∂ρnl
∣∣∣∣∣
ρl=0
.
Sine the quantity c
′′
h ≪ 1, we present the integrand of the (7) by the power
series in the quarti term. Suh an approximation is used only in the spae of
variables ρl. For the oeffiients an, we have
a0 = ln(
√
π(1− 3
4
c
′′
h)),
a1 = −sd/20 h′, a2 = 1− 3c
′′
h,
a3 = 0, a4 = 6c
′′
h. (9)
In the spae of the variables ρk, the partition funtion takes on the form:
Z0 = Z0j0(π
√
2)−1e(−a
′′
h
+a0)N0
∫
(dρ)N0 exp[−a1
√
N0ρ0
−1
2
∑
k∈B0
d(k)ρkρ−k
− a4
4!N0
∑
k∈B0
ρk1 ...ρk4δk1+...+k4], (10)
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where d(k) = a2 + βΦ0 − βΦ(k). The presene of the external field is repre-
sented only by the linear term in the exponent of the expression (10). It should
be stressed that the same result is valid for the models with n = 6, 8, .... The
field dependene of other oeffiients is very weak in omparison to oeffiient
in the linear term.
The partition funtion (10) is starting point to perform the "layer-by-layer"
integration with using RG transformations for the quantities an. Beginning
the integration from the variables ρk with large values of k, we divide the the
phase spae of the CV ρk into the layers with the division parameter s. In
eah nth layer (where Bn+1 < k < Bn, Bn+1 = Bn/s) the Fourier transform
of the potential Φ(k) is replaed by its average value. Suh an approximation
orresponds to the LPA in the Wilson-Polhinskii nonperturbative theory [3℄.
The detail desription of this proedure is given in the paper [13℄. The result
of the integration an be represented by the expression
Z = Z0Q0Q1...Qn[Q(P
(n))]Nn+1In+1, (11)
where Q0 = [(π
√
2)−1e−a
′′
h
+a0Q(d)]N0 , and quantities
Qn = [Q(P
(n−1))Q(dn)]
Nn
(12)
are the partial partition funtions of the nth blok lattie. Here
Q(P (n−1)) = (2πP
(n−1)
2 )
− 1
2
(
1− 3
4
G(n−1)
)
,
Q(dn) =
(
24
a
(n)
4
) 1
4
γ1
(
1− γh(n)2
)
(13)
as well as
P
(n−1)
2 =
(
24
a
(n−1)
4
) 1
2
γ
(
1 + t2h
(n−1)
2
)
,
G(n−1) = s−dG0(1 +G2h
(n−1)
2 ),
h
(n)
2 =
√
6
dn(Bn, Bn+1)
(a
(n)
4 )
1/2
. (14)
The quantities γ, γ1, G0, t2 and G2 do not depend on the field. They are
given in [13℄. The oeffiient
dn(Bn, Bn+1) = dn(0) + qs
−2n
is defined through the value, whih related to the interation potential βΦ(Bn, Bn+1)
averaged on the interval k ∈ Bn\Bn+1. As result, we have
dn(k) = a
(n)
2 + βΦ(Bn, Bn+1)− βΦ(k). (15)
Here q = q¯βΦ(0) and q¯ = (bπ/c)2s−20 (1 + s
−2). The integral In+1 in the
formula (11) has the following form:
In+1 =
∫
(dρ)Nn+1 exp
{
−a(n+1)1
√
Nn+1ρ0
−1
2
∑
k∈Bn+1
dn+1(k)ρkρ−k
− a
(n+1)
4
4!Nn+1
∑
k∈Bn+1
ρk1 ...ρ−k4δk1+...+k4
}
. (16)
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The oeffiients a
(n+1)
l are defined by the reurrent relations (RR)
a
(n+1)
1 = s
d/2a
(n)
1
a
(n+1)
2 = f00(a
(n)
4 )
1/2(1 + α2h
(n)
2 )
a
(n+1)
4 = s
−df01a
(n)
4 (1 + α4h
(n)
2 ), (17)
obtained as result of the RG transformations. The quantities α2, α4, f00 and
f01 are given in [13℄. Due to the presene of the field, we obtain l + 1 RR for
the models ρ2l, where l = 1, 2, 3... Performing the transformation ρk = sρ
′
k,
introduing the notation ωn = s
na
(n)
1 , rn = s
2ndn(0), un = s
4na
(n)
4 and taking
into aount the expression for h
(n)
2 in (14), the equation (17) an be written
in the matrix form
 ωn+1 − ω
∗
rn+1 − r∗
un+1 − u∗

 =

 R11 0 00 R22 R24
0 R42 R44



 ωn − ω
∗
rn − r∗
un − u∗

 , (18)
where R11 = s
d+2
2
, R22 = s
2f00α2
√
6, R24 = s
2f00u
∗−1/2
, R42 = sf01α4
√
6u∗1/2
and R44 = sf01. The quantities w
∗ = 0, r∗ = −q and u∗ = q(1− s−2)/f00 are
the fixed point oordinates. For parameter s, there exists a preferred value
s = s∗, whih is determined by ondition h
(n)
2 = h
(n+1)
2 = 0.
3 RR Solutions. Saling Region.
The fixed point is assoiated with the phase transition point, sine in this ase,
the flutuations beome infinitely large, and it is neessary to perform infinite
number of iterations for system desription. But at the fixed values of the
field h′ and redued temperature τ = (T − Tc)/Tc, this number beome finite.
Thus, one an linearize the RR (17) in the ase of the small deviations from
the fixed point and find the oeffiients of the nth blok struture through
their initial values (9). Hene, one an find the eigenvalues and eigenvetors
of the RG matrix and write down the solutions of the equation (18) in the
following form:
ωn = ω
∗ − sd/20 h′En1 ,
rn = r
∗ + c
(0)
k1 βΦ(0)τE
n
2 + ck2T
(0)
24 (ϕ
1/2
0 βΦ(0))
−1En4 ,
un = u
∗ + c
(0)
k1 (βΦ(0))
2T
(0)
42 ϕ
1/2
0 τE
n
2 + ck2E
n
4 . (19)
Here E1 = 20.98, E2 = 7.37, E4 = 0.4 are the eigenvalues of the RG matrix,
T
(0)
24 = u
∗1/2R24(E4−R22)−1, T (0)42 = u∗−1/2R42(E2−R44)−1. The oeffiients
c
(0)
k1 and ck2 are expressed by relations
c
(0)
k1 =
[
1− Φ¯− q¯ − T (0)24 u0ϕ−1/20 (βΦ(0)βcΦ(0))−1
−T (0)24 ϕ1/20
]
×
[
1− T (0)24 T (0)42
]−1
,
ck2 =
[
u0 − u∗ − T (0)42 ϕ1/20 βΦ(0)(r0 − r∗)
]
×
[
1− T (0)24 T (0)42
]−1
,
6
where ϕ0 = (q¯(1− s∗−2)/f00)2. These values do not depend on the field.
Using the linearity ondition for relations (19), we define the number n of
the iterations. This is so-alled saling region, whih is defined by the values
of the field h′ and temperature τ . The deviations from the fixed point are
formed mainly in the first two equations of the system (19), sine in the last
equation for un, the oeffiient near the quantity τE
n
2 is small in omparison
to the oeffiient near the same quantity in the equation for rn. Taking into
aount above mentioned ondition, we write down the equation
(−sd/20 h′Enp+11 )2 + (c(0)k1 τβΦ(0)Enp+12 )2 = r∗2, (20)
whih allows us to find the number np of the "layer-by-layer" integrations.
The definition of the quantity np = np(τ, h
′) as funtion of the field and
temperature is essential for investigating the rossover between temperature-
dependent and field-dependent ritial behaviour of the system. Indeed, this
number determines the size of the blok struture, whih is ommensurate with
orrelation length. Equality of the terms in the left side of the equation (20)
orresponds to the state of the system in the viinity of the line determined
by relation
τ ∝ h 1βδ , (21)
where β and δ are the ritial exponents of the order parameter. In this
ase, the field and temperature equally influene on the forming of the ritial
behaviour of the system.
4 Universal and Nonuniversal harateris-
tis of System
In the high-temperature region, the partition funtion is represented as
Z = Z0Q0Q1...QnpQnp+1[Q(P
(n+1))]Nnp+1Inp+2. (22)
It should be noted, that in omparison to (9), the expression (22) ontains
additional partial partition funtion Qnp+1. Its presene is related with per-
forming the additional step of integration. Suh an integration is arried out
for reahing the dominant value of the oeffiient dnp+2 in omparison to other
oeffiients in Inp+2 for any k 6= 0, where k ∈ Bn+2 (see (16)). Thus, for these
values of the wave vetor, we perform the integration with respet to the
olletive variables in the Gauss approximation.
Using the partition funtion (22), we represent the system free energy as
F = Fk 6=0 + Fk=0. (23)
The seond term in this expression is related to the integration of the quantity
I
(0)
np+2 =
∫
(dρ0) exp
[
N1/2h′ρ0 − 1
2
dnp+2(0)ρ
2
0
− 1
4!
a
(np+2)
4 N
−1
np+2ρ
4
0
]
(24)
with respet to the variable ρ0 using the steepest-desent method. As was
mentioned above, this variable orresponds to the order parameter and forms
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the main ontribution to the free energy of the system. Using the substitution
of variables ρ0 =
√
Nρ¯0 and the maximum ondition for the expression in the
exponential funtion (see (24)) by differentiating with respet to the variable
ρ¯0, we find the root of the ubi equation in the form
ρ¯0 = σ0s
−
np+1
2 . (25)
The hoie of the valid root is based on the free energy minimum ondition.
The term Fk=0 is defined by expression
Fk=0 = −NkTs−3(np+1)
[
h′σ0E
np+1
1 −
1
2
rnp+2s
−2σ20
− 1
4!
sd0s
−1unp+2σ
4
0
]
. (26)
The expression (25) for ρ¯0 desribes the order parameter behaviour and an
be interpreted as equation of state.
For another term in the right side of (23), we have the relation
Fk 6=0 = −NkT
[
ln coshh′ + l0 + l2h˜
2
+l3τ˜ + l4τ˜
2 + l
(0)
1Tes
−3(np+1)
]
, (27)
whih is the result of the integration with respet to the variables related with
nonzero values of the wave vetor. Here, the oeffiients l0 , l
(0)
1Te, l2, l3 and
l4 are independent of the field [15℄, h˜ = h
′/q¯, τ˜ = c
(0)
k1 τ/q¯. The ontribution
(27) is small in omparison to Fk=0. Indeed, its magnitude depends on the
auray of the integration. With inreasing the auray of the alulations,
this ontribution vanishes. It is physially grounded, sine as result of the
RG transformations, we deals with larger lattie struture, whih exhibits the
properties of the previous smaller ones. Thus, the result of the last integration
with respet to the variable ρ0 should represent the properties of the whole
system. In the figure 1, the average value of the variable ρ0 and order param-
eter obtained by differentiating the free energy F with respet to the field as
funtions of the field are represented. As one an see, the differene between
these quantities is neglible small. The result for the order parameter agrees
with the data obtained by the Monte-Carlo simulations [16℄. Some deviation
in the strong field region is explained by the insuffiient auray of the model
ρ4. As has been shown in the similar investigations in the absene of the field,
the better results an be obtained with using the higher approximations for
the effetive potential, in partiular, ρ6 model [14, 17, 18℄.
Thus, the expression (26) represents the total free energy of the system
obtained using the sequential mathematial transformations starting from the
Hamiltonian (1). The relation (25) is the equation of state, whih is valid in
the whole h-T plane.
In the ase of h = 0, taking into aount the solution of (20) for np, the
free energy takes on the form:
Fk=0 = −NkTRτ˜3ν , (28)
where R is the sum of the last two terms in (26). The ritial exponent of the
orrelation length satisfies the relation
ν =
ln s∗
lnE2
≈ 0.61. (29)
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The equation of state (25) is transformed into expression
ρ¯0 = σ0τ˜
ν
2 . (30)
At T = Tc, the seond term in the (20) disappears. In this ase, the free
energy an be written down as
Fk=0 = −NkTR′h˜′
6
δ , (31)
where R′ = σ0r
∗/s
d/2
0 − r∗s−2σ20/2− sd0s−1u∗σ40/4! and h˜′ = h′sd/20 /r∗. Corre-
spondingly to (25), the equation of state has the form
ρ¯0 = σ0h˜
′ 1
δ . (32)
The ritial exponent of the order parameter takes on the value δ = 5. Within
the frames of the LPA of Wilson-Polhinskii theory, the values of ritial expo-
nents of the orrelation length and order parameter are ν = 0.6895 and δ = 5
respetively [9℄ (one of the best estimates for the exponent of the orrelation
length is ν = 0.63002 [19℄). Using the expression (26) for the free energy,
we alulate also the system suseptibility χ. In the figure 2, it is shown
the dependene of this harateristi on the temperature for different values
of the field. The maximums of sussepibility are loated at the value of the
saling variable σm = τm/h
1/βδ ≈ 0.77. The same quantity in the mean-field
approximation takes on the value ≈ 0.8255 [20℄.
5 Conlusions
The general desription of the 3D Ising-like system in the external field by
the CV method is represented. The approah is nonperturbative and an be
used for the various systems, for whih the perturbative methods are not quit
appropriated. It allows one to alulate marosopi harateristis of the sys-
tem derived from the mirosopi quantities. The investigations are performed
in the whole h-T plane of the ritial region. The main advantage of the CV
approah in omparison to others is the absene of any phenomenologial as-
sumptions and adjusting parameters. All alulations are arried out on the
mirosopi level.
Using the oarse-graining proedure, we obtain the expliit analyti expres-
sions for the free energy and order parameter of the system. It is established,
that the ontribution related to the ρ0 variable exhibits the properties of the
total system. Another part orresponding to the nonzero values of the wave
vetor is essentially small and depends on the auray of the integration.
The rossover to the limit ases (h = 0, T 6= Tc) and (h 6= 0, T = Tc) is
demonstrated. The ritial exponents of the order parameter and orrelation
length are alulated. The dependene of the order parameter as funtion
of the external field is plotted. The result agrees with the result, obtained
by Monte-Carlo simulations, in the weak-field and rossover region. Some
deviations in the region of the strong fields an be explained by the quarti
approximation of the effetive potential. In order to obtain more aurate
results, it is neessary to employ the approximations with n = 6, 8, ... The
system suseptibility is alulated and plotted as funtion of the temperature
for different values of the field. We investigate the maximum loation of this
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funtion. It is shifted to the region of the stronger fields in omparison to
result obtained using the mean-field approximation [20℄.
The investigations an be extended to the model with the n-omponent
order parameter as it was shown in [21℄ in the ase of the absene of the
field. The proposed approah permits one to study also the systems with limit
number of the partiles.
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Figure 1: The order parameter of the system as funtion of the external field at
τ = 5 · 10−3.
0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030
0.1
0.2
0.3
0.4
0.5
0.6
kT
χx
10
-4
τ
 βh=10-5
 βh=2x10-5
 βh=5x10-5
Figure 2: The system suseptibility as funtion of the temperature for different
values of the field.
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